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GENERALIZATIONS OF CERTAIN REPRESENTATIONS OF REAL
NUMBERS
SYMON SERBENYUK
Abstract. In the present article, real number representations that are generalizations of classical
positive and alternating representations of numbers, are introduced and investigated. The main
metric relation, properties of cylinder sets are proved. The theorem on the representation of real
numbers from a certain interval is formulated.
Let NB be a fixed subset of positive integers, B = (bn) be a fixed increasing sequence of all
elements of NB, ρ0 = 0,
ρn =
{
1 if n ∈ NB
2 if n /∈ NB,
and
Q˜
′
NB
=


(−1)ρ1q0,1 (−1)
ρ1+ρ2q0,2 . . . (−1)
ρn−1+ρnq0,n . . .
(−1)ρ1q1,1 (−1)
ρ1+ρ2q1,2 . . . (−1)
ρn−1+ρnq1,n . . .
...
...
. . .
... . . .
(−1)ρ1qm1−1,1 (−1)
ρ1+ρ2qm2−2,2 . . . (−1)
ρn−1+ρnqmn,n . . .
(−1)ρ1qm1,1 (−1)
ρ1+ρ2qm2−1,2 . . . . . .
(−1)ρ1+ρ2qm2,2 . . . . . .


be a fixed matrix. Here n = 1, 2, . . . , mn ∈ N∪ {0,+∞} (N is the set of all positive integers), and
numbers qi,n (i = 0, mn, i.e., i ∈ {0, 1, 2, . . . , mn}) satisfy the following system of conditions:

1◦. qi,n > 0 for all i = 0, mn and n = 1, 2, . . .
2◦.
mn∑
i=0
qi,n = 1 for any n ∈ N
3◦.
∞∏
j=1
qij ,j = 0 for any sequence (in).
That is the matrix Q˜
′
NB
is a matrix whose the nth column (for an arbitrary positive integer n) is
finite or infinite and the column summing to (−1)ρn−1+ρn, i.e., each column summing to 1 or −1.
Different columns can contain different numbers of elements (i.e., there exists a finite number of
elements if the condition mn <∞ holds and there exists an infinite number of elements if mn =∞
is true).
Since different representations of real numbers are widely used in the theory of functions with a
complicated local structure, theory of dynamical systems, fractal theory, set theory, etc. (e.g., see
[1]–[4], [7, 8, 10]), in the present article, a representation of real numbers by the following series
is introduced:
(−1)ρ1ai1,1 +
∞∑
n=2
(
(−1)ρnain,n
n−1∏
j=1
qij ,j
)
, (1)
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where
ain,n =
{∑in−1
i=0 qi,n if in 6= 0
0 if in = 0.
We say that an expansion of a number x in series (1) is the sign-variable Q˜
′
NB
-expansion of x
and write ∆
Q˜
′
NB
i1i2...in...
. The last notation is called the Q˜
′
NB
-representation of x or the quasy-nega-Q˜-
representation of x. The set {0, 1, . . . , mn} is an alphabet for the symbol in in the ∆
Q˜
′
NB
i1i2...in...
.
We can model expansion (1) by the following way. Suppose that ρ0 = 0 and given the matrix
Q˜
′
NB
. Then
i1−1∑
i=0
((−1)ρ1qi,1) +
∞∑
n=2
((
in−1∑
i=0
((−1)ρn−1+ρnqi,n)
)(
n−1∏
j=1
(−1)ρj−1+ρjqij ,j
))
= (−1)ρ1ai1,1
+
∞∑
n=2
((
in−1∑
i=0
(−1)ρn−1+ρnqi,n
)(
(−1)ρ0+ρ1qi1,1 · · · (−1)
ρn−3+ρn−2qin−2,n−2(−1)
ρn−2+ρn−1qin−1,n−1
))
= (−1)ρ1ai1,1+
∞∑
n=2
(
(−1)2ρ1+2ρ2+···+2ρn−1+ρnain,n
n−1∏
j=1
qij ,j
)
= (−1)ρ1ai1,1+
∞∑
n=2
(
(−1)ρnain,n
n−1∏
j=1
qij ,j
)
.
It is obvious that the last series is absolutely convergent and its sum belongs to [a
′
, a
′′
], where
a
′
= inf ∆
Q˜
′
NB
i1i2...in...
= (−1)ρ1 aˇi1,1+
∞∑
n=2
(
(−1)ρn aˇin,n
n−1∏
j=1
qˇij ,j
)
= (−1)ρ1 aˇi1,1−
∑
1<n∈NB
(
amn,n
n−1∏
j=1
qˇij ,j
)
,
a
′′
= sup∆
Q˜
′
NB
i1i2...in...
= (−1)ρ1 aˆi1,1+
∞∑
n=2
(
(−1)ρn aˆin,n
n−1∏
j=1
qˆij ,j
)
= (−1)ρ1 aˆi1,1+
∑
1<n/∈NB
(
amn,n
n−1∏
j=1
qˆij ,j
)
,
where
aˇin,n =
{
amn,n if n ∈ NB
a0,n if n /∈ NB,
qˇin,n =
{
qmn,n if n ∈ NB
q0,n if n /∈ NB,
and
aˆin,n =
{
a0,n if n ∈ NB
amn,n if n /∈ NB,
qˆin,n =
{
q0,n if n ∈ NB
qmn,n if n /∈ NB.
Let s > 1 be a fixed positive integer and Q ≡ (qn) be a fixed sequence of positive integers such
that qn > 1. By [x] denote the integer part of x. It is easy to see that the Q˜
′
NB
-representation is:
• the nega-Q˜-representation [5] whenever NB is the set of all odd numbers:
x = ∆
(−Q˜)
i1i2...in...
≡ −ai1,1 +
∞∑
n=2
(
(−1)nain,n
n−1∏
j=1
qij ,j
)
;
• the representation by positive [2] Cantor series whenever NB = ∅ and qi,n =
1
qn
for any
n ∈ N, i = 0, qn − 1:
x = ∆Qi1i2...in... ≡
i1
q1
+
i2
q1q2
+ · · ·+
in
q1q2 . . . qn
+ . . . ,
i.e., in this case, the matrix Q˜
′
NB
is following
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

1
q1
1
q2
. . . 1
qn
. . .
1
q1
1
q2
. . . 1
qn
. . .
...
...
. . .
... . . .
1
q1
1
q2
. . . 1
qn
. . .
1
q1
1
q2
. . . . . .
1
q2
. . . . . .


;
• the representation by alternating [6] Cantor series whenever NB is the set of all odd numbers
and qi,n =
1
qn
for any n ∈ N, i = 0, qn − 1:
x = ∆−Qi1i2...in... ≡
i1
−q1
+
i2
(−q1)(−q2)
+ · · ·+
in
(−q1)(−q2) . . . (−qn)
+ . . . ,
where
Q˜
′
NB
=


− 1
q1
− 1
q2
. . . − 1
qn
. . .
− 1
q1
− 1
q2
. . . − 1
qn
. . .
...
...
. . .
... . . .
− 1
q1
− 1
q2
. . . − 1
qn
. . .
− 1
q1
− 1
q2
. . . . . .
− 1
q2
. . . . . .


;
• the s-adic representation (see [4]) whenever NB = ∅ and qi,n =
1
s
for all n ∈ N, i = 0, s− 1:
x = ∆si1i2...in... ≡
∞∑
n=1
in
sn
,
i.e., in this case, our matrix is following
Q˜
′
NB
=


1
s
1
s
. . . 1
s
. . .
1
s
1
s
. . . 1
s
. . .
...
...
. . .
... . . .
1
s
1
s
. . . 1
s
. . .

 ;
• the nega− s− adic− representation ([3]) whenever NB is the set of all odd numbers and
qi,n =
1
s
for all n ∈ N, i = 0, s− 1:
x = ∆−si1i2...in... ≡
∞∑
n=1
(−1)nin
sn
,
where
Q˜
′
NB
=


−1
s
−1
s
. . . −1
s
. . .
−1
s
−1
s
. . . −1
s
. . .
...
...
. . .
... . . .
−1
s
−1
s
. . . −1
s
. . .

 .
Suppose that qi,n =
1
s
for all n ∈ N, i = 0, s− 1, and s > 1 is a fixed positive integer. Then we
get the following expansion of real numbers
x = ∆(±s,NB)α1α2...αn... ≡
∞∑
n=1
(−1)ρnαn
sn
.
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The last representation described by the author of the present article in [9], is a generalization of
the classical s-adic and nega-s-adic representations.
Remark 1. The term “nega” is used in this article since certain expansions of real numbers are
numeral systems with a negative base.
Consider other examples of the matrix Q˜
′
NB
.
• Suppose that the condition mn =∞ holds for all n ∈ N and the set NB is the set
{n : n = 4k + 1, n = 4k + 2},where k = 1, 2, 3, . . . .
Let us consider the matrix
Q˜
′
NB
=


−1
2
2
3
−3
4
. . . (−1)n n
n+1
. . .
−1
4
2
9
− 3
16
. . . (−1)n n
(n+1)2
. . .
−1
8
2
27
− 3
64
. . . (−1)n n
(n+1)3
. . .
...
...
. . .
... . . . . . .
− 1
2i
2
3i
− 3
4i
. . . (−1)n n
(n+1)i
. . .
...
...
. . .
... . . . . . .


.
• Suppose the condition NB = ∅ holds and the following conditions are true
qi,n =


1
2
whenever n = 1 and m1 = 1
1
n
whenever n is odd, n > 1, and mn = n− 1
2i−1(n+1)
(n+3)i
whenever n is even, mn =∞, and i = 1, 2, . . . .
Then we obtain the following matrix
Q˜
′
NB
=


1
2
3
5
1
3
5
7
. . .
1
2
6
25
1
3
10
49
. . .
12
125
1
3
20
73
. . .
...
...
...
3·2i−1
5i
5·2i−1
7i
. . .
...
...
...


.
Let us consider the Q˜
′
NB
-expansion.
Definition 1. A cylinder ∆
Q˜
′
NB
c1c2...cn of rank n with base c1 . . . cn is a set {x : x = ∆
Q˜
′
NB
c1...cnin+1in+2...
},
where c1, c2, . . . , cn are fixed.
Suppose that
a˜mn,n =
{
amn,n if n ∈ NB
a0,n if n /∈ NB,
q˜mn,n =
{
qmn,n if n ∈ NB
q0,n if n /∈ NB,
a˜0,n =
{
a0,n if n ∈ NB
amn,n if n /∈ NB,
q˜0,n =
{
q0,n if n ∈ NB
qmn,n if n /∈ NB.
Lemma 1. Cylinders ∆
Q˜
′
NB
c1c2...cn have the following properties:
(1) a cylinder ∆
Q˜
′
NB
c1c2...cn is a closed interval;
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(2)
inf ∆
Q˜
′
NB
c1c2...cn = (−1)
ρ1ac1,1 +
n∑
k=2
(
(−1)ρkack,k
k−1∏
j=1
qcj ,j
)
−
(
n∏
j=1
qcj ,j
)(
a˜mn+1,n+1 +
∞∑
t=n+2
(
a˜mt,t
t−1∏
r=n+1
q˜mr ,r
))
,
sup∆
Q˜
′
NB
c1c2...cn = (−1)
ρ1ac1,1 +
n∑
k=2
(
(−1)ρkack,k
k−1∏
j=1
qcj ,j
)
+
(
n∏
j=1
qcj ,j
)(
a˜0,n+1 +
∞∑
t=n+2
(
a˜0,t
t−1∏
r=n+1
q˜0,r
))
;
(3) the main metric relation is following
∆
Q˜
′
NB
c1c2...cncn+1
∆
Q˜
′
NB
c1c2...cn
= qcn+1,n+1
a˜mn+2,n+2 +
∑
∞
t=n+3
(
a˜mt,t
∏t−1
r=n+2 q˜mr ,r
)
+ a˜0,n+2 +
∑
∞
t=n+3
(
a˜0,t
∏t−1
r=n+2 q˜0,r
)
a˜mn+1,n+1 +
∑
∞
t=n+2
(
a˜mt,t
∏t−1
r=n+1 q˜mr ,r
)
+ a˜0,n+1 +
∑
∞
t=n+2
(
a˜0,t
∏t−1
r=n+1 q˜0,r
) .
Proof. Let us prove that the first property is true. Let n /∈ NB and x ∈ ∆
Q˜
′
NB
c1c2...cn, i.e.,
x = (−1)ρ1ac1,1 +
n∑
k=2
(
(−1)ρkack,k
k−1∏
j=1
qcj ,j
)
+
(
n∏
j=1
qcj ,j
)(
(−1)ρn+1ain+1,n+1 +
∞∑
t=n+2
(
(−1)ρtait,t
t−1∏
r=n+1
qir ,r
))
.
Then
x
′
= (−1)ρ1ac1,1 +
n∑
k=2
(
(−1)ρkack,k
k−1∏
j=1
qcj ,j
)
−
(
n∏
j=1
qcj ,j
)(
a˜mn+1,n+1 +
∞∑
t=n+2
(
a˜mt,t
t−1∏
r=n+1
q˜mr ,r
))
≤ x ≤ (−1)ρ1ac1,1
+
n∑
k=2
(
(−1)ρkack,k
k−1∏
j=1
qcj ,j
)
+
(
n∏
j=1
qcj ,j
)(
a˜0,n+1 +
∞∑
t=n+2
(
a˜0,t
t−1∏
r=n+1
q˜0,r
))
= x
′′
.
Hence x ∈ [x
′
, x
′′
] and [x
′
, x
′′
] ⊇ ∆
Q˜
′
NB
c1c2...cn.
Since the equalities
x
′
= (−1)ρ1ac1,1 +
n∑
k=2
(
(−1)ρkack,k
k−1∏
j=1
qcj ,j
)
+
(
n∏
j=1
qcj ,j
)
inf
{
(−1)ρn+1ain+1,n+1 +
∞∑
t=n+2
(
(−1)ρtait,t
t−1∏
r=n+1
qir ,r
)}
,
x
′′
= (−1)ρ1ac1,1 +
n∑
k=2
(
(−1)ρkack,k
k−1∏
j=1
qcj ,j
)
+
(
n∏
j=1
qcj ,j
)
sup
{
(−1)ρn+1ain+1,n+1 +
∞∑
t=n+2
(
(−1)ρtait,t
t−1∏
r=n+1
qir ,r
)}
,
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hold, we have x ∈ ∆
Q˜
′
NB
c1c2...cn and x
′
, x
′′
∈ ∆
Q˜
′
NB
c1c2...cn.
It is obvious that the first property is true when n ∈ NB.
The second property follows from the proof of the first property.
The third property follows from the second property. 
Let us consider the mutual placement of ∆
Q˜
′
NB
c1c2...cn−1c and ∆
Q˜
′
NB
c1c2...cn−1[c+1]
.
Suppose that ∆
Q˜
′
NB
c1c2...cn−1c
⋂
∆
Q˜
′
NB
c1c2...cn−1[c+1]
is not the empty or one-element set; then we have the
following:
• if cylinders ∆
Q˜
′
NB
c1c2...cn−1c and ∆
Q˜
′
NB
c1c2...cn−1[c+1]
are “left-to-right” situated, then
κ1 = sup∆
Q˜
′
NB
c1c2...cn−1c − inf ∆
Q˜
′
NB
c1c2...cn−1[c+1]
> 0;
• if cylinders ∆
Q˜
′
NB
c1c2...cn−1c and ∆
Q˜
′
NB
c1c2...cn−1[c+1]
are “right-to-left” situated, then
κ2 = sup∆
Q˜
′
NB
c1c2...cn−1[c+1]
− inf ∆
Q˜
′
NB
c1c2...cn−1c > 0.
In addition, in the first case, we get
κ1 < κ2 = |∆
Q˜
′
NB
c1c2...cn−1c|+ |∆
Q˜
′
NB
c1c2...cn−1[c+1]
| − |∆
Q˜
′
NB
c1c2...cn−1c ∩∆
Q˜
′
NB
c1c2...cn−1[c+1]
| = W.
In the second case, κ2 < κ1 = W .
Suppose that ∆
Q˜
′
NB
c1c2...cn−1c
⋂
∆
Q˜
′
NB
c1c2...cn−1[c+1]
is the empty or one-element set; then we have the
following:
• if cylinders ∆
Q˜
′
NB
c1c2...cn−1c and ∆
Q˜
′
NB
c1c2...cn−1[c+1]
are “left-to-right” situated, then
ν1 = inf ∆
Q˜
′
NB
c1c2...cn−1[c+1]
− sup∆
Q˜
′
NB
c1c2...cn−1c = −κ1 ≥ 0;
• if cylinders ∆
Q˜
′
NB
c1c2...cn−1c and ∆
Q˜
′
NB
c1c2...cn−1[c+1]
are “right-to-left” situated, then
ν2 = inf ∆
Q˜
′
NB
c1c2...cn−1c − sup∆
Q˜
′
NB
c1c2...cn−1[c+1]
= −κ2 ≥ 0.
Also, in the first case, we have
ν1 > ν2 = V = −|∆
Q˜
′
NB
c1c2...cn−1c| − |∆
Q˜
′
NB
c1c2...cn−1[c+1]
| −̟,
where ̟ is the Lebesgue measure of the interval situated between ∆
Q˜
′
NB
c1c2...cn−1c and ∆
Q˜
′
NB
c1c2...cn−1[c+1]
.
In the second case, V = ν1 < ν2.
Let us consider the difference
κ1 ≡ sup∆
Q˜
′
NB
c1c2...cn−1c − inf ∆
Q˜
′
NB
c1c2...cn−1[c+1]
= ac,n(−1)
ρn
n−1∏
j=1
qcj ,j
+qc,n
(
n−1∏
j=1
qcj ,j
) ∞∑
n<t/∈NB
(
aˆit,t
t−1∏
r=n+1
qˆir ,r
)− ac+1,n(−1)ρn n−1∏
j=1
qcj ,j
+qc+1,n
(
n−1∏
j=1
qcj ,j
)( ∑
n<t∈NB
(
aˇit,t
t−1∏
r=n+1
qˇir ,r
))
=
(
n−1∏
j=1
qcj ,j
)
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×

−qc,n(−1)ρn + qc,n ∑
n<t/∈NB
(
amt,t
t−1∏
r=n+1
qˆir ,r
)
+ qc+1,n
∑
n<t∈NB
(
amt,t
t−1∏
r=n+1
qˇir ,r
)
 .
Using
ω1 =
∞∑
n<t/∈NB
(
amt,t
t−1∏
r=n+1
qˆir ,r
)
and ω2 =
∑
n<t∈NB
(
amt,t
t−1∏
r=n+1
qˇir ,r
)
,
we get
κ1 = (qc,n(−1)
1+ρn + qc,nω1 + qc+1,nω2)qc1,1qc2,2...qcn−1,n−1.
From the last expression, we have the following:
• κ1 > 0 whenever ρn = 1, i.e., n ∈ NB;
• if ρn = 2, i.e., n /∈ NB, then:
if (1− ω1)qc,n = qc+1,nω2, then κ1 = 0;
if (1− ω1)qc,n > qc+1,nω2, then κ1 < 0;
if (1− ω1)qc,n < qc+1,nω2, then κ1 > 0.
Really, since 0 ≤ ω1 ≤ 1 and 0 ≤ ω2 ≤ 1, for n /∈ NB we have
−qc,n ≤
κ1
qc1,1qc2,2 . . . qcn−1,n−1
≤ qc+1,n.
Let us consider the difference
κ2 ≡ sup∆
Q˜
′
NB
c1c2...cn−1[c+1]
− inf ∆
Q˜
′
NB
c1c2...cn−1c = (−1)
ρnac+1,n
n−1∏
j=1
qcj ,j
+qc+1,n
(
n−1∏
j=1
qcj ,j
) ∑
n<t/∈NB
(
amt,t
t−1∏
r=n+1
qˆir ,r
)− ac,n(−1)ρn n−1∏
j=1
qcj ,j
+qc,n
(
n−1∏
j=1
qcj ,j
)( ∑
n<t∈NB
(
amt,t
t−1∏
r=n+1
qˇir,r
))
= (qc,n(−1)
ρn + qc+1,nω1 + qc,nω2)
(
n−1∏
j=1
qcj ,j
)
.
Hence, we obtain the following:
• κ2 > 0 whenever ρn = 2, i.e., n /∈ NB;
• if ρn = 1, i.e., n ∈ NB, then:
if (1− ω2)qc,n = qc+1,nω1, then κ2 = 0;
if (1− ω2)qc,n > qc+1,nω1, then κ2 < 0;
if (1− ω2)qc,n < qc+1,nω1, then κ2 > 0.
So,
−qc,n ≤
κ2
qc1,1qc2,2...qcn−1,n−1
≤ qc+1,n.
Finally, we obtain the following results:
• If ρn = 1, then cylinders ∆
Q˜
′
NB
c1c2...cn−1c and ∆
Q˜
′
NB
c1c2...cn−1[c+1]
are right-to-left situated. However
the set ∆
Q˜
′
NB
c1c2...cn−1c
⋂
∆
Q˜
′
NB
c1c2...cn−1[c+1]
is the empty set or the one-element set or an interval.
It depends on the matrix Q˜
′
NB
.
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• If ρn = 2, then cylinders ∆
Q˜
′
NB
c1c2...cn−1c and ∆
Q˜
′
NB
c1c2...cn−1[c+1]
are left-to-right situated. However
the set ∆
Q˜
′
NB
c1c2...cn−1c
⋂
∆
Q˜
′
NB
c1c2...cn−1[c+1]
is one of the following sets (that depends on Q˜
′
NB
): the
empty set, the one-element set, an interval.
Since Lemma 1 is true, the following statement holds.
Theorem. For an arbitrary number x ∈ [a
′
0, a
′′
0 ] there exists a sequence (in), in ∈ N
0
mn ≡ {0, 1, . . . , mn},
such that
x = (−1)ρ1ai1,1 +
∞∑
n=2
(
(−1)ρnain,n
n−1∏
j=1
qij ,j
)
whenever for all n ∈ N the following system of conditions holds:

qin,n
(
1−
∑
n<t∈NB
(
amt,t
t−1∏
r=n+1
qˇir ,r
))
≤ qin+1,n

 ∑
n<t/∈NB
(
amt,t
t−1∏
r=n+1
qˆir ,r
)
 for n ∈ NB
qin,n

1− ∑
n<t/∈NB
(
amt,t
t−1∏
r=n+1
qˆir ,r
)
 ≤ qin+1,n
( ∑
n<t∈NB
(
amt,t
t−1∏
r=n+1
qˇir ,r
))
for n /∈ NB.
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